In this paper, we prove the concavity of the Renyi entropy power for nonlinear diffusion equation (NLDE) associated with the Laplacian and the Witten Laplacian on compact Riemannian manifolds with non-negative Ricci curvature or CD(0, m)-condition and on compact manifolds equipped with time dependent metrics and potentials. Our results can be regarded as natural extensions of a result due to Savaré and Toscani [39] on the concavity of the Renyi entropy for NLDE on Euclidean spaces. Moreover, we prove that the rigidity models for the Renyi entropy power are the Einstein or quasi-Einstein manifolds and a special (K, m)-Ricci flow with Hessian solitons. Inspired by Lu-Ni-Vazquez-Villani [34], we prove the Aronson-Benilan estimates for NLDE on compact Riemannian manifolds with CD(0, m)-condition. We also prove the NIW formula which indicates an intrinsic relationship between the second order derivative of the Renyi entropy power N p , the p-th Fisher information I p and the time derivative of the W -entropy associated with NLDE. Finally, we prove the entropy isoperimetric inequality for the Renyi entropy power and the Gagliardo-Nirenberg-Sobolev inequality on complete Riemannian manifolds with non-negative Ricci curvature or CD(0, m)-condition and maximal volume growth condition.
Introduction
Let p > 0. The nonlinear diffusion equation (NLDE) on R n ∂ t u = ∆u p , (1.1)
is a nonlinear version of the classical heat equation on R n ∂ t u = ∆u. (1.2) In the case p > 1, it is called the porous medium equation, and in the case 0 < p < 1, it is called the fast diffusion equation. For p > 1 and 0 < p < 1, the Cauchy problem of (1.1) in weak sense has been well studied in the literature. Moreover, when p > 1 − 2 n , the equation (1.1) preserves the mass in the sense that M u(x, t)dv(x) is a constant in t > 0. Moreover, when p ∈ (1 − 2 n , 1), solutions to (1.1) are regular and positive for t ≥ 0. However, this is not true when p < 1 − 2 n , for instance, finite time vanishing may occur. For p > 1, it is known that solutions to (1.1) are at least Hölder continuous. See [8] .
In [37] , F. Otto proved that the porous medium equation and the fast diffusion equation can be regarded as the gradient flow of the Renyi entropy (see (1. 3) below) on the infinite dimensional L 2 -Wasserstein space of probability measures with finite second moment on Euclidean space equipped with an infinite Riemannian metric. See [46, 47] and reference therein for its extension on Riemannian manifolds. For more background about the porous medium equation and the fast diffusion equation, we refer the readers to [44, 34, 39] .
Let p ≥ 1 − 1 n , and let u be a positive and smooth solution to the nonlinear diffusion equation (1.1) with R n u(x, t)dx = 1. Let be the Shannon entropy associated with (1.2) , and define the Shannon entropy power by N (u(t)) = e 2 n H(u(t)) .
Then N (u(t)) is concave in t ∈ (0, ∞), i.e., d 2 dt 2 N (u(t)) ≤ 0.
(1.5)
Using an argument based on the Blachman-Stam inequality [3, 41] , the original proof of (1.5) has been simplified by Dembo et al. [13, 14] . A direct proof of (1.5) in a strengthened form, with an exact error term, has been obtained by Villani [45] , in which it was also pointed out that it is possible to extend (1.5) to Riemannian manifolds with non-negative Ricci curvature using the Γ 2 -calculation.
In our previous work [29] , the authors extended Costa's Entropy Power Concavity Inequality (EPCI) to the Shannon Entropy Power for the heat equation associated with the usual Laplacian and the Witten Laplacian on complete Riemannian manifolds with CD(K, m) curvature-dimension condition and on compact manifolds equipped with (K, m)super Ricci flows. We proved that the rigidity models for the Shannon entropy power are the Einstein manifolds, quasi-Einstein manifolds or (K, m)-Ricci flows equipped with Hessian solitons. Moreover, we proved the NFW formula which indicates an essential relationship between the Shannon entropy power N , the F -functional and the time derivative of the W-entropy associated with the conjugate heat equation on Ricci flow, which were introduced by G. Perelman [38] . As a consequence, we proved that the Shannon entropy power is convex along the conjugate heat equation on the Ricci flow and the corresponding rigidity models are the shrinking Ricci solitons. This gives us a new understanding of Perelman's entropy formulae on the Ricci flow [38] , which plays an important role in the proof of the no local collapsing theorem of Ricci flow for the final resolution of the Poincaré conjecture and Thurston's geometrization conjecture.
It is natural to ask the question whether we can extend Savaré and Toscani's result to the Renyi entropy power for nonlinear diffusion equations on Riemannian manifolds with suitable curvature dimension. The purpose of this paper is to prove the Entropy Power Concavity Inequality (EPCI) of the Rényi Entropy Power for nonlinear diffusion equations associated with the usual Laplacian and more general Witten Laplacian on Riemannian manifolds with CD(K, m) curvature-dimension condition and on manifolds equipped with time dependent metrics and potentials. Indeed, this part of results have already been proved in our 2017 preprint [24] . Recently, we have also proved the rigidity theorems and the entropy isoperimetric inequality for the the Renyi entropy power, and the Gagliardo-Nirenberg-Sobolev inequality as well as the Nash inequality on manifolds with non-negative Ricci curvature or with CD(0, m) curvature-dimension condition and with the maximal volume growth condition. Moreover, we prove the NIW formula which indicates an essential relationship between the Renyi entropy power N p , the p-th Fisher information I p and the time derivative of the W -entropy associated with the nonlinear diffusion equation, which was introduced by Lu-Ni-Vazquez-Villani [34] . Our work might lead the readers to recognize the importance of information-theoretic approach in the future study of geometric analysis and Ricci flow.
Notation and main results
Let (M, g) be a complete Riemannian manifold, φ ∈ C 2 (M ) and dµ = e −φ dv, where v is the Riemannian volume measure on (M, g). The Witten Laplacian acting on smooth functions is defined by
For any u, v ∈ C ∞ 0 (M ), the integration by parts formula holds
Thus, L is the infinitesimal generator of the Dirichlet form
By Itô's theory, the Stratonovich SDE on M
where U t is the stochastic parallel transport along the trajectory of X t , with initial data X 0 = x and U 0 = Id TxM , defines a diffusion process X t on M with infinitesimal generator L. Moreover, the transition probability density of the L-diffusion process X t with respect to µ, i.e., the heat kernel p t (x, y) of the Witten Laplacian L, is the fundamental solution to the heat equation
In [1] , Bakry and Emery proved the generalized Bochner formula
where u ∈ C ∞ 0 (M ), ∇ 2 u denotes the Hessian of u, |∇ 2 u| is its Hilbert-Schmidt norm, and
is now called the (infinite dimensional) Bakry-Emery Ricci curvature associated with the Witten Laplacian L. For m ∈ [n, ∞), the m-dimensional Bakry-Emery Ricci curvature associated with the Witten Laplacian L is defined by
In view of this, we have
Here we make a convention that m = n if and only if φ is a constant. By definition, we have Ric(L) = Ric ∞,n (L).
Following [1] , we say that (M, g, φ) satisfies the curvature-dimension CD(K, m)-condition for a constant K ∈ R and m ∈ [n, ∞] if and only if Ric m,n (L) ≥ Kg.
Note that, when m = n, φ = 0, we have L = ∆ is the usual Laplacian on (M, g), and the CD(K, n)-condition holds if and only if the Ricci curvature on (M, g) is bounded from below by K, i.e., Ric ≥ Kg.
In the case of Riemannian manifolds with a family of time dependent metrics and potentials, we call (M, g(t), φ(t), t ∈ [0, T ]) a (K, m)-super Ricci flow if the metric g(t) and the potential function φ(t) satisfy
is the time dependent Witten Laplacian on (M, g(t), φ(t), t ∈ [0, T ]), and K ∈ R is a constant. When m = ∞, i.e., if the metric g(t) and the potential function φ(t) satisfy the following inequality
Indeed the (K, ∞)-Ricci flow (called also the K-Perelman Ricci flow)
is a natural extension of the modified Ricci flow ∂ t g = −2Ric(L) introduced by Perelman [38] as the gradient flow of
under the constraint condition that the measure dµ = e −φ dv is preserved. For the study of the Li-Yau or Hamilton differential Harnack inequalities, W -entropy formulas and related functional inequalities on (K, m) or (K, ∞)-super Ricci flows, see [21, 22, 23, 25, 26, 27, 28] and references therein. For super Ricci flows on metric and measure spaces, see [42] and references therein. We now introduce the Renyi entropy power for the nonlinear diffusion equation associated with the Witten Laplacian on Riemannian manifolds. Let u be a positive solution to the nonlinear diffusion equation associated with the Witten Laplacian on (M, g, µ)
where 0 < p < ∞ and p = 1. Following Otto [37] , Villani [46, 47] , Savaré and G. Toscani [39] , for p = 1, the p-th Rényi entropy is defined by
and the p-Renyi entropy power is defined by
The p-Fisher information is defined by 
Now we state the main results of this paper.
Theorem 2.1 Let M be an n-dimensional compact Riemannian manifold with Ric ≥ Kg for some constant K ∈ R. Let p ≥ 1 − 1 n , σ = p − 1 + 1 n and κ = σ −1 . Let u be a positive solution to the nonlinear diffusion equation
Then the Renyi entropy power N p = N p (u(t)) satisfies
In particular, when Ric ≥ 0, we have
Moreover, under the condition Ric ≥ Kg (respectively, Ric ≥ 0), the equality in (2.6) (respectively, (2.7)) holds on (0, T ] for some T > 0 if and only if (M, g) is Einstein, i.e., Ric = Kg (respectively, (M, g) is Ricci flat, i.e., Ric = 0), and e ′ (u) satisfies
where I p := d dt H p (u(t)) is the p-th Fisher information and satisfies the differential equation
When Ric m,n (L) ≥ 0, it holds
Theorem 2.2 Let (M, g) be an n-dimensional compact Riemannian manifold with a potential φ ∈ C 2 (M ) such that Ric m,n (L) ≥ Kg for some constant m ≥ n and K ∈ R. Let p ≥ 1 − 1 m , σ = p − 1 + 2 m and κ = σ −1 . Let u be a positive solution to the nonlinear diffusion equation
Moreover, under the condition Ric m,n (L) ≥ Kg (respectively, Ric m,n (L) ≥ 0), the equality in (2.8) (respectively, (2.9)) holds on (0, T ] for some T > 0 if and only if (M, g) is quasi-Einstein, i.e., Ric m,n (L) = Kg (respectively, quasi-Ricci flat, i.e., Ric m,n (L) = 0), and e ′ (u) satisfies
10)
where m ≥ n and K, K 1 , K 2 ∈ R are constants. Let p ≥ 1 − 1 m and σ = p − 1 + 2 m . Let u be a positive solution to the nonlinear diffusion equation
Moreover, the equality in (2.13) holds on (0, T ] for some T > 0 if and only if Ric m,n (L) = K 1 g, ∂ t g = 2K 2 g, ∂ t φ = nK 2 , and e ′ (u) satisfies
where I p is the p-th Fisher information and satisfies the differential equation
The condition(2.12) in Theorem 2.3 implies that (M, g(t), φ(t)) is a (K, m)-super Ricci flow with K = K 1 + K 2 . Conversely, if (M, g(t), φ(t)) is a (K, m)-super Ricci flow and with
The above results extend the result due to Savaré and Toscani on the concavity of the Renyi entropy for the nonlinear diffusion equation on Euclidean space to Riemannian manifolds and super Ricci flows.
We will give two proofs for the entropy power concavity inequalities in Theorems 2.1, 2.2 and 2.3. The first proof uses the similar idea of Savaré and Toscani [39] for the proof on the concavity of the Renyi entropy power along the nonlinear diffusion equation (1.1) on Euclidean spaces, while the second proof is similar to the one in our previous paper [29] for the linear heat equation (2.1) on Riemannian manifolds and super Ricci flows, and is based on an explicit formula for the second order derivative of the Renyi entropy power associated with the nonlinear diffusion equation of the usual Laplacian or the Witten Laplacian on Riemannian manifolds. In the case p = 1, such an explicit formula for the second order derivative of the Shannon entropy power associated with the heat equation of the usual Laplacian or the Witten Laplacian on Riemannian manifolds was first proved in our previous paper [29] . We would like point out that each of these two proofs has its own advantage: the first one can be extended to the setting of porous medium equation and fast diffusion equation on the so-called RCD(K, N ) metric measure spaces, which we we will develop in a forthcoming paper, and the second one enables us to prove the rigidity theorems for the Renyi entropy power on compact Riemannin manifolds with CD(K, m)-condition or on compact (K, m)-super Ricci flows.
The rest of this paper is organized as follows. In Section 2, we prove the dissipation formulae for the Renyi entropy on compact Riehmannian manifolds with time dependent or time independent metrics and potentials. In Section 3 we give the first proof of the concavity inequality for the Renyi entropy power in Theorem 2.1, Theorem 2.2 and Theorem 2.3. In Section 4, we prove an explicit formula for the second order derivative of the Renyi entropy power on manifolds with the CD(K, m)-condition or time dependent metrics and potentials. We will see that there is a significant difference for the linear heat equation and the nonlinear diffusion equation on manifolds with time dependent metrics and potentials. In Section 5, we prove an explicit formula for the second order derivative of the Renyi entropy power associated with the nonlinear diffusion equation of the usual Laplacian or the Witten Laplacian on Riemannian manifolds and super Ricci flows. In Section 6, we give the second proof of the concavity inequality and prove the rigidity theorems for the Renyi entropy power associated with the nonlinear diffusion equation on Riemannian manifolds with the CD(K, m)-condition or (K, m)-super Ricci flows. In Section 7, we prove the Aronson-Benilan estimates for the nonlinear diffusion equation on compact Riemannian manifolds with CD(0, m)-condition. Moreover, we prove the NIW formula which gives an intrinsic relationship between the second order derivative of the Renyi entropy power N p , the pth Fisher information I p and the time derivative of the W -entropy associated with the nonlinear diffusion equation, which was introduced by Lu-Ni-Vazquez-Villani [34] . In Section 8, we prove an entropy isoperimetric inequality for the Renyi entropy power, the Gagliardo-Nirenberg-Sobolev inequality and the Nash inequality on complete Riemannian manifolds with non-negative Ricci curvature or CD(0, m)-condition and the maximal volume growth condition.
Entropy dissipation formulae for nonlinear diffusion equation
In this section, we prove two entropy dissipation formulae for the Renyi entropy associated with the nonlinear diffusion equation on manifolds with fix metric and potential or time dependent metrics and potentials. For p > 1 − 2/m and p = 1, let
and
be a compact manifold equipped with a family of time dependent metrics and potentials (g(t), φ(t), t ∈ [0, T ]) which satisfies the conjugate heat equation
Let u be a positive and smooth solution to the nonlinear diffusion equation (2.4). Then
In particular, when (M, g, φ) is a compact Riemannian manifold with time independent metric and potential, the above formulae holds with ∂g dt = 0 in E ′′ (u).
Proof
and the nonlinear diffusion equation (2.4) can be rewritten as
Taking time derivative and integrating by parts, we have
Taking time derivative again and using the fact (cf. [32, 21] )
Note that
This yields
Combining the above calculation together, we can derive that
Integrating by parts, and using
where in the last step we have used the fact
By the Bakry-Emery-Bochner formula ([1]), we have
This completes the proof of Theorem 3.1.
Proof of EPCI in Theorem 2.1, 2.2 and 2.3
We now use Theorem 3.1 to give the first proof of the entropy power concavity inequality (EPCI) for the Rényi entropy associated with the nonlinear diffusion equation (2.4) on compact Riemannian manifolds with CD(K, m)-condition and compact Riemannian manifolds equipped with (K, m)-super Ricci flows. The advantage of this proof is that it can be easily extended to prove the entropy power concavity inequality (EPCI) for the Rényi entropy associated with the nonlinear diffusion equation on the so-called RCD(K, N ) metric measure spaces. As Theorem 2.1 can be regarded as the special case of Theorem 2.2 for m = n and φ = 0, we need only to prove Theorem 2.2 and Theorem 2.3. In Section 6, we will give the second proof of EPCI in Theorem 2.1, 2.2 and 2.3. The rigidity part of Theorem 2.2 and Theorem 2.3 will be also proved in Section 6.
Lemma 4.1 Under the same condition as in Theorem 3.1, we have
Proof. By the trace inequality we have
Applying the elementary inequality
This yields 1 2
By integration by parts and a direct calculation, we have
By the Cauchy-Schwarz inequality
Combining (4.3), (4.4) and (4.5), we derive (4.1).
Proof of EPCI in Theorem 2.2. In the case the metric and potential on M are time independent, under the assumption Ric m,n (L) ≥ Kg,
Combining this with (4.5), we have
Hence
Replacing σ = 2 m + p − 1 into the above identity, we then derive
Then
By (4.6), we then derive 
That is to say
We then derive that
and hence
By (4.6), we then derive
The proof of EPCI in Theorem 2.3 is completed.
The second order derivative of Renyi entropy power
In this section we prove an explicit formula for the second order derivative of the Renyi entropy power for the nonlinear diffusion equation (2.4) on compact manifolds with time dependent metrics. When p = 1, such an explicit formula for the second order derivative of the Shannon entropy power for the linear heat equation on manifolds with time dependent metrics was first proved in our previous paper [29] .
Theorem 5.1 Under the same condition and notation as in Theorem 2.3, we have
where dγ = u p dµ u p p with u p p = M u p dµ. In particular, when g and φ are time independent, the above result holds with ∂g ∂t = 0. In particular, when m = n, φ = 0, L = ∆, σ = p − 1 + 2 n , and g is time independent, we have Theorem 5.2 Under the same condition and notation as in Theorem 2.1, we have
We need only to prove Theorem 5.1.
Proof of Theorem 5.1. Using
we have
HS
Applying the elementary equality
Therefore
Using (4.6) and (4.6), we complete the proof of Theorem 5. Proof of Theorem 2.3. By Theorem 5.1, under the assumption Ric m,n (L) ≥ K 1 g and ∂ t g ≥ 2K 2 g, we have
Moreover, the equality holds if and only if
Hence, for p > 1 − 1 m , we have
Ric m,n (L) = K 1 g, ∂ t g = 2K 2 g, ∂ t φ = nK 2 ,
This concludes Theorem 2.3.
NIW formula for nonlinear diffusion equation
In his seminal paper [38] , Perelman introduced the W -entropy and proved its variational formula along the conjugate heat equation on the Ricci flow. More precisely, let M be a compact manifold equipped with the Ricci flow
Let u(t) = e −f (4πt) n/2 be the fundamental solution to the conjugate heat equation
Let τ be such that
be the Shannon entropy. In [38] , Perelman introduced the following F -function and Wentropy
and proved the following beautiful formulae
In particular, the W -entropy is always monotone increasing along the Ricci flow, and its equilibrium state (i.e., the critical point such that d dt W(g(τ ), u(τ )) = 0) is the so-called shrinking Ricci soliton
In [35, 36] , Ni intrduced the W -entropy and proved its variational formula for the heat equation ∂ t u = ∆u on Riemannian manifolds with non-negative Ricci curvature. In [31] , Li and Xu extended Ni's result to Riemannian manifolds with Ricci curvature bounded from below by a uniform constant. In [19, 20] , the second named author extended the Wentropy formula to the heat equation associated with the Witten Laplacian on complete Riemannian manifolds with CD(0, m)-condition and proved that the rigidity model of the W -entropy is the Euclidean spaces equipped with the Gaussian solitons. In [21, 22, 23, 25, 26, 27, 28] , the authors of this paper extended the W -entropy formula to the heat equation associated with the Witten Laplacian on complete Riemannian manifolds with CD(K, m)condition and on compact (K, m)-super Ricci flows. In [22, 26] , the authors of this paper introduced the W -entropy and proved the W -entropy formula along the geodesic flow on the infinite dimensional L 2 -Wasserstein space over a complete Riemannian manifold with CD(0, m)-condition. This recovers and improves an earlier result due to Lott and Villani [32, 33] on the displacement convexity of the Boltzmann entropy functional on complete Riemannian manifold with non-negative Ricci curvature. In [16] , Kuwada and the second named author proved the monotonicity and rigidity theorem of the W -entropy on RCD(0, N ) metric measure spaces.
In [29] , the authors proved the NIW formula between the Shannon entropy power N , the Fisher information I and the W -entropy for the heat equatioin ∂ t u = Lu associated with the Witten Laplacian on complete Riemannian manifolds. More precisely, we proved the following u dµ is the Fisher information, and W is the W -entropy defined by
As a consequence of (7.3), under the CD(0, m)-condition, we have
In particular, the NIW formula (7.3) and the W -entropy inequality (7.5) hold for the heat equation ∂ t u = ∆u with m = n, µ = v and L = ∆ on n-dimensional complete Riemannian manifolds with non-negative Ricci curvature and with natural bounded geometry condition.
Moreover, we proved the NFW formula in [29] for the Shannon entropy power N , the Perelman F -functional and the Perelman W-entropy along the conjugate heat equation on the Ricci flow. It provide us a new understanding for Perelman's mysterious Wentropy formula for Ricci flow and can be used to characterize the shrinking Ricci solitons.
. Let u(t) be the fundamental solution to the conjugate heat equation Then
In particular, the Shannon entropy power is convex on (0, T ], i.e.,
Moreover, d 2 dt 2 N (u(τ )) = 0 holds at some τ = τ 0 ∈ (0, T ] if and only if (M, g(τ ), u(τ )) is a shrinking Ricci soliton
In [34] , Lu-Ni-Vazquez-Villani introduced the W -entropy for the porous medium equation and the fast diffusion equation on compact Riemannian manifolds and proved their monotonicity on compact Riemannian manifolds with non-negative Ricci curvature. Inspired by our previous work on the NIW formula and NIW inequality for the heat equation on Riemannian manifolds, it is natural to ask the question whether we can extend the NIW formula and the NIW inequality to the porous medium equation and the fast diffusion equation on Riemannian manifolds. The purpose of this section is to study this problem.
NIW formula for NLDE for Laplacian
In this section we prove the NIW formula for nonlinear diffusion equation for usual Laplacian on compact Riemannian manifolds. To state the main result of this subsection, let us briefly recall Lu-Ni-Vazquez-Villani's work [34] on the entropy formulae for the nonlinear diffusion equation ∂ t u = ∆u p on compact Riemannian manifolds.
Let M be an n-dimensional compact Riemannian manifold. Let u be a positive and smooth solution to the nonlinear diffusion equation
For any α ≥ 1, let Note that when Ric ≥ 0, the Aronson-Benilan inequality was proved in [34] : When p > 1, it holds F 1 + a t ≥ 0, (7.9) and the inverse inequality in (7.9) holds when p ∈ 1 − 2 n , 1 . Equivalently, for all p > 1 − 2 n and p = 1, it holds ∆v + κ t ≥ 0. (7.10)
Following [34] , we introduce the Perelman W -entropy associated with (7.6) as follows
To emphasis the dependence on p, we use the notation W p (u) instead of W u . By [34] , we have
The following W -entropy formula is due to Lu-Ni-Vazquez-Villani (Theorem 5.5 in [34] ).
Recall that e(u) = u p p−1 , e ′ (u) = p p−1 u p−1 . Thus v = e ′ (u), and we can reformulate (7.13) as follows
On the other hand, by Theorem 5.1, the second order derivative of the Renyi entropy power associated with the nonlinear diffusion equation (7.6) is given by
where dγ = u p dv M u p dv = vudv M vudv . Now we state the main result of this subsection. Theorem 7.3 Let M be a compact Riemannian manifold, u be a positive smooth solution to the nonlinear diffusion equation (7.6) with p > 0. Then, under the above notations, we have the following NIW formula
Under the condition Ric ≥ 0, we have
In particular, under the condition Ric ≥ 0, the equality in the above inequality holds if and only if d 2 Np dt 2 = 0, which is equivalent to say that (M, g) is Ricci flat, i.e., Ric = 0, and
is the p-th Fisher information and satisfies the differential equation
Proof. To simplify the notation, let
d dt W p (u), and I 3 = I 1 − I 2 . By (7.14) and (7.15), we have
which yields
Note that κ = n 2+n(p−1) and integration by parts yields
This completes the proof of Theorem 7.3.
Remark 7.4 In particular, taking limit p → 1 in Theorem 7.3, we recover the NIW formula (7.3) with m = n in Theorem 7.1 for the Shannon entropy power N (u), the Fisher information I(u) and the W -entropy associated with the heat equation ∂ t u = ∆u on Riemannian manifold, i.e.,
In particular, under the condition Ric ≥ 0, the equality in the above inequality holds if and only if d 2 N dt 2 = 0, which is equivalent to say that (M, g) is Ricci flat, i.e., Ric = 0, and v = log u satisfies ∇ 2 v = − I(u) n g, where I(u) is a solution to the differential equation
Aronson-Benilan estimates for NLDE for Witten Laplacian
Let u be a positive and smooth solution to the nonlinear diffusion equation (2.4) associated with the Witten Laplacian on (M, g, µ), i.e.,
For any α ≥ 1, let
In particular, F 1 = (p − 1)Lv.
Proposition 7.5 Let L = ∂ t − (p − 1)vL. Then
In particular, for α = 1, it holds
Proof. The proof is similar to the one of Proposition 3.2 in [34] and uses the generalized Bochner formula. To save the length of the paper, we omit the detail.
We have the following Aronson-Benilan estimate for the nonlinear diffusion equation (2.4) associated with the Witten Laplacian for p > 1 − 2 m and p = 1, which extends the corresponding result due to Lu-Ni-Vazquez-Villani [34] . When p = 1, it corresponds the Li-Yau differential Harnack inequality for the heat equation ∂ t u = Lu proved in [17, 19] . 20) and when p ∈ (1 − 2 m , 1),
Equivalently, for all p > 1 − 2 m , it holds
where κ = m m(p − 1) + 2 .
Proof. The proof is similar to the one of the Aronson-Benilan estimate (7.9) and (7.10) for the PME or FDE associated with the Laplacian on compact Riemannian manifolds with non-negative Ricci curvature [34] . Indeed, for any m ≥ n, we have (cf. [1, 17] )
Thus, as Ric m,n (L) ≥ 0, we have
By (7.19), for p > 1, we have
Let F = tF 1 . By calculation and (7.23), we have
from which and the maximum principle, we can prove
Equivalently, (7.20) or (7.22) holds.
On the other hand, by (7.19) , for p ∈ (1 − 2 m , 1), we have
Let F = tF 1 . By calculation and (7.24), we have
Equivalently, (7.21) or (7.22) holds. The proof of Theorem 7.6 is completed.
W -entropy formula for NLDE for Witten Laplacian
In this subsection we extend the W -entropy formula due to Lu-Ni-Vazquez-Villani [34] to Similarly to Lemma 5.1, Lemma 5.2 and (5.4) in [34] , we have Lemma 7.7 Let p > 0, and let v and F 1 be as in Theorem7.6. Then
Proof. The proof is similar to the one in [34] .
To emphasis the dependence on p, we use the notation W p (u) instead of W u . By [34] , we have and
Proof. We can combine the argument used in the proof of the W -entropy formula for ∂ t u = ∆u p in Theorem 5.5 in Lu-Ni-Vazquez-Villani [34] and the argument used in the proof of the W -entropy formula for ∂ t u = Lu in Theorem 2.3 in [19] to give a proof of Theorem 7.8. To save the length of the paper, we omit the detail here. Note that, there are two terms in the integrant in the right hand side of the first line of the W -entropy formula (7.27) . To better understand the geometric meaning of the sum of these two terms, we would like to give an alternative proof of the W -entropy formula (7.27) for the case m ∈ N with m ≥ n. In this case, let (N, g N ) be a (m − n) dimensional compact Riemannian manifold with volume v N (N ) = 1, and let M = M × N be equipped with the warped product metric
Then the volume measure on M is
Recall the following Proposition 7.9 ([21]) Let ∆ M be the Laplace-Beltrami operator on ( M , g). Then
where ∆ N is the Laplace-Beltrami operator on (N, g N ).
In particular, for f ∈ C 2 (M ),
Moreover, for f ∈ C 2 (M ), we have
where ∇ and ∇ 2 denote the gradient and the Hessian on ( M , g), i, j = 1, . . . , n denotes the direction of local coordinates along M , and α, β = n + 1, . . . , m denotes the direction of local coordinates along N .
In view of Proposition 7.9, the nonlinear diffusion equation (7.18) associated with the Witten Laplacian is equivalent to the nonlinear diffusion equation associated with the Laplace-Beltrami operator on ∆ M on ( M , g), i.e.,
By the W -entropy formula (7.13) due to Lu-Ni-Vazquez-Villani [34] for the nonlinear diffusion equation (7.28) associated with the Laplace-Beltrami operator on ( M , g), we have
vudµ, (7.29) where Ric denotes the Ricci curvature on ( M , g). By [5, 32, 17, 21] , we have Ric( ∇v, ∇v) = Ric m,n (L)(∇v, ∇v).
On the other hand, by Proposition 7.9, we have
Therefore, we reprove the W -entropy formula for the nonlinear diffusion equation (7.18) associated with the Witten Laplacian on (M, g, µ) for the case m ∈ N and m ≥ n.
Remark 7.10 The above proof is an analogue of the one in our previous paper [21] for the W -entropy formula for the linear heat equation ∂ t u = Lu associated with the Witten Laplacian on (M, g, µ) for m ∈ N with m ≥ n. The advantage of this proof is that it gives a geometric interpretation of the integrant in the first line of the right had side of the W -entropy formula. Namely, by (7.30) , the quantity ∇ 2 v + g Proof. The proof is similar to the one in [34] for the nonlinear diffusion equation ∂ t u = ∆u p on compact Riemannian manifold with negative Ricci curvature.
NIW formula for NLDE for Witten Laplacian
In this subsection we prove the NIW formula for nonlinear diffusion equation associated with the Witten Laplacian on compact Riemannian manifolds. 
In particular, the above result holds with m = n on complete Riemannian manifolds with non-negative Ricci curvature and with the maximal volume growth condition for the standard Riemannian volume measure, which extends the well known entropy isoperimetric inequality for the Shannon entropy power on Eucildean space R n with the optimal constant γ n = 2πen.
The proof of Theorem 8.2 (even in the case M = n, L = ∆ and µ = v) uses of the concavity of the Shannon entropy power along the heat equation ∂ t u = Lu, two sides heat kernel estimates on complete Riemannian manifolds with CD(0, m)-condition and the maximal volume growth condition. It would be an interesting question whether we can extend Theorem 8.1 to the Renyi entropy power on complete Riemnnian manifolds. As far as we know, it seems to be unknown in the literature. We would like to point out that, even thought it would be possible to extend the concavity of the Renyi entropy power to the nonlinear diffusion equation ∂ t u = ∆u p on complete Riemannian manifolds with non-negative Ricci curvature and to the nonlinear diffusion equation ∂ t u = Lu p on weighted complete Riemannian manifolds with non-negative m-dimensional Bakry-Emert Ricci curvature (i.e., Ric m,n (L) ≥ 0 for general m > n), however it is still unknown whether we can have nice asymptotic behavior of the fundamental solution of the nonlinear diffusion equation ∂ t u = ∆u p or ∂ t u = Lu p on complete non-compact Riemannian manifolds with non-negative Ricci curvature or nonnegative m-dimensional Bakry-Emert Ricci curvature. Thus, it is not available for us to use the same idea as we used for the linear heat equation case in [29] to prove the entropy isoperimetric inequality for the Renyi entropy power on complete Riemannian manifolds with non-negative Ricci curavture or non-negative m-dimensional Bakry-Emery Ricci curvature and maximal volume growth condition.
On the other hand, for any n > 2 and p > n n+2 , Savaré and Toscani [39] proved that for any smooth, strictly positive and rapidly decreasing probability density f on R n , the following entropy isoperimetric inequality holds
with the optimal constant γ n,p = N p (M p )
where M p is the so-called Barenblatt solution to the nonlinear diffusion equation ∂ t u = ∆u p on R n . More precisely,
; here (s) + = max{s, 0}, and the constant C can be chosen to fix the mass of the sourcetype Barenblatt solution equal to one. For explicit formulae of the best constants γ n,p for p ∈ (n/n + 2, 1) and p > 1, see [39] .
According to Toscani [43] , the entropy isoperimetric inequality (8.3) on R n is equivalent to the Gagliardo-Nirenberg-Sobolev inequality on R n (see (8.8 ) below). When p = 1 − 1 n , Savaré and Toscani [39] proved the equivalence between the entropy isoperimetric inequality (8.3) and the Sobolev inequality on R n with the best Soblev constant: for n > 2,
For the best constants and the extremal functions in the Gagliardo-Nirenberg-Sobolev inequality and the Sobolev inequality on R n , see [2, 8, 12, 39] and references therein. The purpose of this section is to prove the entropy isoperimetric inequality for the Renyi entropy power and the Gagliardo-Nirenberg-Sobolev inequality on complete Riemannian manifolds with non-negative Ricci curavture or non-negative m-dimensional Bakry-Emery Ricci curvature and maximal volume growth condition. To do so, we need a new approach.
The idea of Toscani [43] and Savaré-Toscani [39] can go straightforward to (weighted) complete Riemannian manifolds. In fact, for p > m m+2 , the entropy isoperimetric inequality . Equivalently, for smooth g > 0 with M g 2 2p−1 dµ = 1,
(8.6)
By a simply scaling argument, (8.6) is equivalent to: for any smooth g > 0,
(8.7)
The functional inequality (8.7) is indeed equivalent to the Gagliardo-Nirenberg-Sobolev inequality
where q ∈ (0, 1) and θ = m(1−q) (1+q)(m−(m−2)q) ∈ (0, 1) satisfy
in which for m > 2,
Indeed, taking q = 1 2p−1 , we can check that (8.7) is equivalent to (8.8) with
That is to say, the entropy isoperimetric inequality (8.4) with the optimal constant γ m,p for p > m m+2 is equivalent to the optimal Gagliardo-Nirenberg-Sobolev inequality (8.8) with q = 1 2p−1 , θ in (8.9) and with the optimal constant A in (8.10).
In particular, when m > 2, for p = 1 − 1 m , we have 2+2m(p−1) That is to say, the entropy isoperimetric inequality (8.4) with the optimal constant γ m,p for p = 1 − 1 m for m > 2 is equivalent to the Sobolev inequality with the optimal Sobolev constant: Recall the following result which was proved by the second named author in [18] . The above result was proved in [18] using the upper bound heat kernel estimate of the Witten Laplacian obtained by the second named author in [17] on complete Riemnnian manifolds and the well known criterion due to Carlen-Kusuoka-Stroock [4] on the equivalence between the validity of the Sobolev inequality and the ultracontractivity of the heat semigroup. More precisely, by Theorem 5.4 in [17] , under the CD(0, m)-condition, for any ε > 0, x, y ∈ M and t > 0, there is a constant C 1 (ε) > 0 such that , ∀f ∈ C ∞ 0 (M ), (8.18) which is equivalent to the Sobolev inequality (8.13) for some constant C Sob depending only on m and γ m . Indeed, all of (8.17), (8.18) and (8.13 ) are equivalent to the L 1 to L ∞ultracontractivity of the heat semigroup P t = e tL , i.e., P t f ∞ ≤ C t m/4 f 2 , ∀t > 0, (8.19) or the L 1 to L ∞ -ultracontractivity of the heat semigroup P t = e tL , i.e., where γ m,p is a constant depending on m, p and C Sob .
(vii) the ultracontractivity of the heat semigroup holds: there exists a constant C > 0 depending on m and C Sob such that p t (x, y) ≤ C t m/2 , ∀x, y ∈ M, t > 0.
Remark 8.4 In [9, 10, 11], Demange proved some Sobolev inequalities on complete Riemannian manifolds with Ricci curvature bounded below by zero, positive or negative constant. More precisely, let M be a d-dimensional complete Riemannian manifold with Ricci curvature bounded below by a negative constant −ρ, where ρ > 0, and assume that there is a constant β ∈ R such that the potential function T : M → R satisfies
